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ABSTRACT 
The notion of bundle convergence for sequences in von Neumann algebras and their &-spaces was 
introduced by Hensz, Jajte and Paszkiewicz in 1996. Bundle convergence is stronger than almost 
. sure convergence. We prove that the sequence of harmonic means (of first order) of an orthogonal 
sequence (Sk) in LZ is bundle convergent to the zero vector o of LQ if the classical Kohnogorov 
condition is satisfied: C ljf#/k* < 00; while the sequence of harmonic means of second order of 
((kc) is bundle convergent to o if C ~~&~(2/k2(lnlnk)2 < 00. The latter result seems to be new even in 
the commutative case. 
1. COMPLETION OF A VON NEUMANN ALGEBRA 
Let 6 be a Hilbert space over the field C of complex numbers, L (6) the algebra 
of all bounded linear operators acting on 6, and ‘?I a von Neumann algebra in L 
(6) endowed with the operator norm 
1141~ := suPwwl@ : IlGj I 1). 
Let 4 be a positive linear functional acting on ‘?I, which is assumed to be a 
faithful and normal state. Introduce an inner product on ‘?I by setting 
(1.1) (A,@ := @*A), A,B E A. 
Then (‘3, (., .)) is a prehilbert space over C. Denote its completion by L2 = L2 
(%!I, q5), the inner product in L2 by (e, .) and the norm by 11 . )I. 
The Gelfand-Naimark-Segal representation theorem states that given a o-fi- 
nite von Neumann algebra ‘3 with a faithful and normal state q5, there exist a 
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one-to-one *-homomorphism ?r of ‘8 into the algebra of all bounded linear op- 
erators acting on L2 and a cyclic and separating vector w E LZ such that 
(1.2) w(A) = (7r(A)w, w), A E ?I. 
According to (1.1) and (1.2), we have 
(A, B) = (+Qw, +%J), A, B E 3, 
whence it follows that 
(1.3) ll~(~)wl12 = &4*A) I ll~*4l, = ll412,. 
Consequently, ‘8 endowed with the inner product (a, a) can be identified with the 
subset 
n(VI)w := {7r(A)w : A E a} 
of L2, and the closure of x$A)w coincides with L2 itself. 
2. BUNDLE CONVERGENCE 
The notion of bundle convergence in LZ (as well as in %?I) was recently in- 
troduced by Hensz, Jajte and Paszkiewicz [l]. We recall it briefly. Denote by ?I+ 
the cone of positive operators in ‘?I. Given a sequence (Dk) c 2l+ such that 
(2.1) kg, @)k) < 00, 
the so-called bundle P = P(&) is defined as follows: 
and IJPD,,PI(, -tO as n--, oo}, 
where by Proj ‘11 we denote the class of all (selfadjoint) projections P in A. 
It is proved in [l] that for any sequence (&) c %+ with property (2.1), the 
bundle P is ‘abundant’ enough in the sense that for every E > 0 there exists 
P E P such that 4(1 - P) < E, where 1 is the identity operator in ‘?I. 
Now, a sequence (&,) of vectors in L2 is said to be bundle convergent to the 
zero vector o of L2, in sign: &, 5 o as n + 00, if there exists a sequence (A”) in 
‘8 such that 
(2.3) ngi II&l - +J412 < 0% 
and there exists a bundle P such that for each P in P we have 
(2.4) (IAnPII, + 0 as n ---) 00. 
Since the intersection of two bundles is a bundle again, bundle convergence 
enjoys the property of additivity. Furthermore, the limit of a bundle convergent 
sequence is unique in the selfadjoint part of Lz. 
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As for details concerning Sections 1 and 2, we refer the reader to [l] and also 
to [3] (the notation in this paper is essentially identical to that in [3]). 
3. MAIN RESULTS 
We recall that the harmonic mean r,, (of first order) of a sequence 
(& : k = 1,2, . . ,) of vectors in L2 is defined by 
where 
(3.2) & = ljj) := 2 1 N Inn as n --t 00. 
k=l k 
More exactly, we have 
(3.3) ln(n+l) = J 
n dx 
“+l&<l+J -=ln(en), n= I,2 ,..., 
1 x 1 x 
where In means the natural logarithm. 
We recall that a sequence (&) of vectors in LZ is called orthogonal if 
(6, &) = 0 wheneverj # k. Our first main result is the following 
Theorem 1. If(&) is an orthogonal sequence in L2 and 
(3.4) 
then 
(3.5) 7,Ao as n-+00. 
Note that (3.4) is the classical Kolmogorov condition ensuring the fulfillment of 
the SLLN for independent random variables in the commutative case. 
We also consider the harmonic mean ri2) of second order of a sequence (Sk) 
defined as follows: 
(3.6) ti2’ := -& kcl $+ n= 1,2,..., 
k 
where .$’ is defined in (3.2) and 
(3.7) 




In lnetn ’ ‘) = / x lzex) ’ k$, k In’(ek) 
dx 
<“+I- 
k=3 kink-3 2 xlnx 
=:+lnlnn-lnln2, 1122. 
Our second main result is the following 
Theorem 2. Zf (&) is an orthogonal sequence in L2 and 
then 
(3.10) 7-L2)50 as n+oo. 
This theorem seems to be new even in the commutative case. Condition (3.9) is 
weaker than any one known to us in the literature of SLLN. 
We may define the harmonic mean r,?) of mth order for m = 3,4,. . . in a 
natural way. For example, the harmonic mean rn 13) of third order of {&} is de- 
fined by 
where @’ and @’ are defined in (3.2) and (3.7), respectively, while 
1 
k=3 k(ln k)(ln ln k) 
wlnlnlnn as n-too. 
Analogously to Theorems 1 and 2, we can prove the following: If (Sk) is an or- 




k=[ee’]+l k2(ln lnk)2(ln In In k)’ 
where [.I means the integral part, then 
T(3) -5 0 n as n-w 
Now, it is clear how the counterparts of Theorems 1 and 2 can be formulated 
form = 4,5,. . ., while the proofs of Theorems 1 and 2 can serve as patterns for 
their proofs. We do not enter into further details. 
4. AUXILIARY RESULTS 
We recall the definition 
]A] := (A*A)“2, A E I%, 
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where the square root makes sense, since A*A E ?I+. Unfortunately, the tradi- 
tional triangle inequality 
1‘41 +A21 L 14 f IA217 Al,A2 E 8, 
does not hold in general. But the following weaker substitute is available in any 
von Neumann algebra. 
Lemma 1. (see, e.g., (2, p.41). If(ck) c Cand (Ak) c %, then 
n 
I*=* I 
2 n n 
c CkAk I c ICk12 c IAk12, n= 1,2,.... 
k=l k=l 
Next, we cite two elementary properties of bundle convergence. 
Lemma 2. (see IL PP. 30-311). If(<k) c L2 and C j/&j12 < 00, then 
(4.1) &+O 0s k+CO. 
Lemma 3. If(&) C L2 satisfying (4.1) and (ck) c C is a bounded sequence, then 
c&k 5 0 US k+ 00. 
In fact, it is enough to keep the same bundle P for the sequence (C&k) which is 
assigned to (&), and to substitute (c&) for (&), and (cnA,) for (A,) in (2.3) 
and (2.4). 
Finally, we shall need the following noncommutative version of the classical 
Rademacher-Menshov inequality. 
Lemma 4. (see [I] and also [2, p. 651). Given a finite orthogonal sequence 
(&:k= 1,2,... , n) in L2 = L,(‘%, 4) and a number 6 > 0, there exist a sequence 
(&:k= 1,2,..., n) of operators in ‘??.I and an operator D in %?I+ such that 
~~&--?r(~k)W~~ < 6, k= 1,2 ,..., n; 
I I 2 Ak’ID, j=1,2 ,..., n;k=l 
where log means the logarithm to the base 2. 
5. PROOF OF THEOREM 1 
(i) First, let n = 2m for m = 0, 1, . . . . By (3.1) and (3.4), we have 
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since by (3.3), 
c O” &l+E 1 -<co. 
m=O 2’” m= I (ln 2m)2 
Making use of Lemma 2 yields 
(5.1) ~2~ $0 as m-+00. 
(ii) We introduce the modified harmonic mean ?, defined by 
and m=O,l,.... 
It is clear that 
(5.2) T.=$+” for 2m<n<2m+’ and m=O,l,...; 
n 
in particular, 7-2” = ?& for all m 2 0. Our next goal is to prove that 
where the integer m is determined by 2” I n < 2m+ ‘. 
(iii) Let(6,:m=1,2,... ) be a sequence of positive numbers such that 
(5.4) 5 2%; < co. _ 
m=l 
We apply Lemma 4 for each dyadic group (&/k.& : 2m < k < 2m+‘) with Sm, 
where m = 1,2, . . . . As a result, we obtain a sequence (Ak : 2m < k < 2m+’ for 
m = 1,2,. . .) of operators in ‘8 and a sequence (D, : m = 1,2,. . .) of operators 
in ‘?I+ with the following properties: 
(5.5) I& - ?T(&)w(( 5 Sm for 2m < k < 2m+‘, 
(5.6) \Tn12 I Dm, where T, := 2 Ak for 2” <n < 2m+‘, 
k=2’“+1 
(5*7) m=1,2,.... 
It follows from (3.3) (3.4) (5.4), (5.7) and the Cauchy inequality for numbers 
that 
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This means that the sequence (Dm : m = 1,2, ._. .) c ‘i?l+ determines a bundle, 
say P. 
(iv) Consider the representation 
(5.8) ?t~ - 72” = {(?n - 72m) - x(T”)fJ} + x(Tn)W, 
where 2m < n < 2”+l and T,, is defined in (5.6). By (5.3)-(5.6), we have 
Applying Lemma 2 gives 
(5.9) (?, - 72m) - ~F(T&J 5 o as n+oc and 2m<n<2m+1. 
(v) Finally, we shall show that 
(5.10) r(T,Jw -% o as n+oc. 
Since T, itself belongs to B (see (5.6)), condition (2.3) is automatically satisfied. 
We shall check the fulfillment of condition (2.4). Given a projection P in P, by 
the last equality in (1.3), the second property of a bundle expressed in (2.2), and 
(5.6), we conclude that 
((T,,P((k = IIP(T,J*PIJ, 5 IIPDmPII, + 0 as m -+ 00 and 
2m < n < 2m+1. 
This justifies (5.10). 
(vi) Combining (5.8) - (5.10) proves (5.3). By (5.1) and (5.3), we conclude that 
b 
Fn-+o as n-+00. 
Since .&/& 5 I in (5.2), applying Lemma 3 completes the proof of (3.5). 
6. PROOF OF THEOREM 2 
This proof runs along the same lines as that of Theorem 1. Therefore, we pre- 
sent it briefly. 
(i) This time we consider the subsequence (r::‘), where vrn := 2r” for 
m=0,1,2 ,.... By (3.3) and (3.6), we have 
since by (3.8), we have 
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(6.1) 1:: 2 In ln(e(22”1 + 1)) 1 ln( 1 + 2” In 2) 
L(m-l)ln2 for ml1 (2ln2>1). 
Applying Lemma 2 gives 
(6.2) rbz) 5 o as m ---f 00. 




rA*) =FFi2) for v,,, 5 n < v,+r and m = O,l,.. .; 
n 
in particular, rum (*) = ?Li’ for all m 2 0. Our next goal is to prove that 
where the integer m is determined by v,,, 5 n < v,,,, 1. 
(iii) This time we fix a sequence (&, : m = 1,2,. . .) of positive numbers for 
which 
(6.5) 
By the Cauchy inequality for numbers, we also have C ~5, < 00. ,.. ._. 
We make use of Lemma 4 for each group (&/k&r)~~~ 
with S,, where m= 1,2,.... As a result, we obtain a 
A;) :v,,<k<v,+~ form=1,2,...)cI!Iandasequence 
1,2,. . .) c 2l+ such that 
(6.7) IT,12 5 D,,,, where T, = T,? := kz$+I Ak for Vm < n < Vm+i, 
m 
(6.8) @m) 5 - 
22(m+‘) “m$ ll<kll* I s,, 
@‘)’ k=v,,, + 1 k2(i?f))2 
m= 1,2,.... 
By (3.8), for v,,, < k < v,+ 1 we have 
In Ink < ln(2 m+‘ln2) < (m+ l.)ln2, 
whence, by (6.1), 
(6.9) ‘< 
1 3 3 
~~~)-(m-1)ln2~(m+1)ln2~lnlnk’ 
m 2 2. 
VIII 
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Now, it follows from (3.3), (3.8), (3.9), (6.5), (6.8) and (6.9) that 
Thus, the sequence (0, = 0:)) c VI+ determines a bundle, say P = P(*). 
(iv) Consider the representation 
(6.10) n ?12) - TE) = { (?i” - $‘) - r( T”)W} + r( T,)w, 
where v,,, < n < u,+t and T,, is defined in (6.7). By (6.5) - (6.7), we see that 
E ,‘f I[(?;” -~;f)) - r(Tn)wI12 < co, 
m=l n=v,+l 
whence Lemma 2 yields 
(6.11) (?,(‘I - T$)) - r(T,Jw 5 o as n + co, and V, < n < v,+i. 
(v) The proof of the limit relation 
(6.12) r(T")w 5 o as n-00 
is analogous to the proof of (5.10). 
(vi) Combining (6.10) - (6.12) proves (6.4). By (6.2) and (6.4), we conclude 
that 
$2) J+ 0 n as n-co. 
Since l$/lL2’ 5 1 in (6.3), Lemma 3 provides (3.10) to be proved. 
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